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a b s t r a c t

Ultrafiltration of polyethylene glycol aqueous solutions was analyzed using concentration polarization-gel
layer model. The model is based on coupling concentration polarization layer and gel layer growth. The
concentration polarization layer development is given by the convective-diffusion equation. However,
ccepted 10 June 2009
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the gel layer growth model is obtained by using the experimental observations. The limiting flux was
found to be proportional to the square root of the axial velocity. Beyond the critical concentration, both
concentration polarization and gel formation are the main factors controlling the limiting flux in the
tubular UF system. The developed semi-empirical model, which contains a single empirical constant to be

nts, p
s stud
olarized layer
el layer
ritical concentration

evaluated from experime
variables examined in thi

. Introduction

When a solution that contains macromolecules is forced through
membrane, the flux exhibits a linear dependence on pressure at

ery low pressure; however, as pressure increases the flux becomes
ndependent of applied transmembrane pressure (TMP) [1–3]. This
henomenon is called limiting flux. As the limiting flux is the maxi-
um attainable flux under the operating conditions, the prediction

f the limiting flux is very important for operation design. Among
he many models that have been developed to study the limiting
henomena, the one commonly used is the gel polarization model
4]. Gel polarization model assumes that at high TMP, the wall con-
entration of the solute reaches a maximum value, which indicates
hat a layer of “gel” has formed at the membrane surface, which
nduces an additional resistance to the permeate flow. Some of the
ther approaches include, the integral method model developed
y Trettin and Doshi [5], a viscosity theory for the limiting flux
eveloped by Aimar and Field [6].

Beicha et al. [7] developed a model which couples the formation
f a gel layer on the membrane surface and the presences of a polar-

zed layer above the gel. The model compared with experimental
ermeate fluxes obtained from the ultrafiltration of polyethylene

lycol (PEG) using polyethersulphone membrane (4000 MWCO).
he model gave an excellent prediction of the permeate fluxes for

ow and medium transmembrane pressures. However, for higher
ransmembrane pressures the model overpredicts the permeate

Abbreviations: TMP, transmembrane pressure (bar); PEG, polyethylene glycol;
WCO, molecular weight cut-off.
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redicted satisfactorily the limiting flux data over the range of experimental
y.

© 2009 Elsevier B.V. All rights reserved.

fluxes. In this work, the same concept employed by Beicha et al.
[7] and Sulaiman et al. [8] is used to predict limiting flux when
the permeate flux becomes independent of pressure during tubular
ultrafiltration.

2. Experimental

2.1. Experimental set-up

The schematic diagram of the experimental set-up is shown in
Fig. 1. The process material from a 40 l feed tank is fed to the mem-
brane unit via a pump (Gep Vertical Spco CDL F8). The pump has a
maximum delivery capacity of 8 m3/h. A strainer is fitted upstream
of the feed pump to trap any particles larger than 250 �m that may
be present in the feed stream.

A tubular membrane module (Model B1-ES625) encased in a
stainless steel housing was obtained from PCI Membrane Systems
Ltd. (United Kingdom). The system consists of 18 tubes connected
in series by special cap ends, with each tube measuring 1.2 m in
length and 1.25 cm inside diameter.

The permeate line is passed through valve V3 before being
returned into the feed tank. Similarly, the retentate line is also
recycled back into the feed tank. Permeate samples are collected
in a glass cylinder placed on an electronic balance (Milliot, model
F998-6) with direct interfacing to a computerized data acquisition
software.
2.2. Materials

The materials used for the experiments were polyethylene gly-
col (PEG) of 20,000 MW and distilled water. The different solutions

http://www.sciencedirect.com/science/journal/13858947
http://www.elsevier.com/locate/cej
mailto:abeicha@yahoo.com
dx.doi.org/10.1016/j.cej.2009.06.018
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Nomenclature

A empirical constant (m1/2/s1/2)
C concentration (wt.%)
Cb bulk concentration (wt.%)
Ccr critical bulk concentration (wt.%)
Cg gel concentration (wt.%)
D diffusivity (m2/s)
d inner membrane diameter (m)
l thickness of gel layer
L membrane length (m)
�p transmembrane pressure (bar)
R̃g specific gel resistance (bar s/m2)
Rm membrane resistance (bar s/m)
u0 bulk velocity (m/s)
up permeate flux (m/s)
ulim limiting flux (m/s)
uz axial velocity (m/s)
ur radial velocity (m/s)

Greek letters
ε solidosity (%)

w
k
t
T
w

2

l
w
d
i
t
b
p
c
b
o
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o
f

εb bulk solidosity (%)
εg solidosity of the gel layer (%)

ere prepared by dissolving predetermined amount of the PEG in
nown volumes of distilled water. The concentrations of the solu-
ion (weight%) used in this study were in the range 0.1–1.5 wt.%.
he membrane used is polyethersulphone (ES404) with molecular
eight cut-off 4000 (PCI).

.3. Experimental procedure

Solutions of polyethylene glycol (PEG) with an average molecu-
ar weight of 20,000 were used in all experiments. The feed material

as prepared by dissolving predetermined amount of PEG in freshly
istilled water. A typical run began by changing the feed material

nto the feed tank. The flow into the system was then adjusted to
he required cross-flow velocity. Another variable, which must also
e set is the transmembrane pressure (TMP) and this was accom-
lished by adjusting valves V1 and V2. The weight of permeate,
ollected as a function of time, was continuously monitored on the

alance. Permeate flux was calculated by numerical differentiation
f the permeate mass versus time and divided by the product den-
ity times the total area of the membrane system. At times, samples
f retentate as well as permeate were collected and kept in vials
or further analysis. In order to maintain a constant solute con-

Fig. 1. Schematic diagram of the experimental set-up.
Fig. 2. Schematic diagram of tubular ultrafiltration process.

centration in the reservoir, permeate collected on the balance was
periodically returned to the reservoir. Freshly prepared feed mate-
rial was used for each experiment using pre-cleaned membrane.

Before each run the membrane is cleaned using distilled water
at 35 ◦C. This step was then followed by the determination of water
flux. Recovery of the initial flux was possible, indicating that the
fouled matters were easily removed, probably due to the high sol-
ubility of PEG in water.

3. Development of model

The conceptual representation of a tubular membrane ultra-
filtration process is shown in Fig. 2 where the fluid that enters
the membrane has a uniform concentration of solutes. Similarly
at time zero, the solute concentration inside the tube is also uni-
form. It is assumed that the membrane is perfectly retentive and
initially clean. Due to the pressure gradient across the membrane,
the macromolecules of solute are driven towards the membrane
wall but are too large to pass through it. As a result, a concentration
polarization is developed above the membrane surface with solute
concentration at the wall being higher then that in the bulk. At any
time t from the beginning of the operation, the solute concentra-
tion in the tubular module is C(t, r, z). The macromolecules would
either remain as a stagnant gel layer on the membrane surface, or
they may flow tangentially along it. Once a steady-state condition is
reached, the stagnant solute layers at all positions along the mem-
brane are at their maximum thickness. Consequently, the permeate
flux would attain its steady-state value.

3.1. Convection–diffusion equation

The general mass balance equation:

D

r

∂

∂r

(
r

∂C

∂r

)
= ur

∂C

∂r
+ uz

∂C

∂z
(1)

The axial velocity of uz can be obtained from mass balance and
is given as:

uz = − 4ulim

d
z + u0 (2)
The radial velocity is given as:

ur = −ulim (3)

where ulim is the limiting permeate flux at the membrane surface.
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Eq. (1) can be written in the dimensionless form by defining the
ollowing variables:

= z

L
, � = r

d/2

he equation becomes

∂2C

∂�2
+

(
1
�

+ ˇ
)

∂C

∂�
= �

∂C

∂�
(4)

here ˇ = dulim/2D and � = d2uz/4DL.
Eq. (4) can be solved numerically by using the following bound-

ry conditions:

� = 0 C(�, 0) = Cb

� = ıg
∂C

∂�
+ ˇCg = 0

� = ıgp C = Cb

here ıg and ıgp are the gel layer and the combined gel-polarized
ayer thickness, respectively.

.2. Growth rate of gel layer

The presence of a gel layer on the membrane surface offers an
dditional resistance to the flow of permeate. On the assumption
hat the gel resistance, Rg, acts in series with Rm, the resulting per-

eate flux can be written as follows:

p = �p

Rm + R̃gl
(5)

The formation of a gel layer on the membrane surface in cross-
ow ultrafiltration depends on the rate of particle deposition and
he rate of particle re-entrainment into the bulk flow. By assuming
hat the gel formed is incompressible with a constant void fraction,
nd that no particles are present in the permeate, the net rate of gel
ormation is given by

dl

dt
= upε̄

εg − ε̄
− f1(uz, ε̄)f2(�p) (6)

The solidosity, ε, can be evaluated from the solute concentration,
(wt.%), and the solute and the solvent densities by the relationship:

= 0.01RdC

1 + 0.01C(Rd − 1)
(7)

here Rd is the ratio of solute to solvent density. The solidosity of
el, εg, is assumed to be constant and independent of operating
onditions. Its value can be estimated by substituting the appro-
riate value of Cg in the above equation. Cg can be obtained from
he intercept of the plot of steady-state permeate flux, up,st, versus
n Cb.

The first term on the right hand side of Eq. (6) represents the rate
f particle deposition, which can be obtained through mass balance
nder static condition. The second term is the rate of particle re-
ntrainment and is a function of cross-flow velocity as supported
y many experimental observations.

Under steady-state conditions, i.e. the rate of particle deposition
s equal to the rate of re-entrainment, from experimental observa-
ions, it has been found that the steady-state permeate flux up,st

aries linearly with
√

u0 (at a given Cb and �p). The dependency

f up,st on Cb is taken to be directly proportional to εg − ε̄st. Limit-

ng flux represents the maximum stationary permeation flux which
an be reached when increasing transmembrane pressure. Hence,
he limiting flux can be obtained when making transmembrane
ressure large enough i.e. f2(�p) = constant.
Fig. 3. Plot of steady-state permeate flux versus ln(Cb) at TMP = 4.7 bar, uz = 0.15 m/s.

By combining the effects of the two parameters uz and Cb, the
limiting permeate flux can be expressed as:

ulim = A(εg − ε̄st)
√

u0 (8)

where ε̄st is the steady-state value of the average solidosity in the
polarized layer. The constant A depends on the solute-membrane
system.

4. Numerical solution

Eq. (4) was rewritten in the finite difference using implicit
scheme. Detailed derivation of the finite difference equation is given
in Appendix A. The obtained equations form a tridiagonal system
which was solved using TDMA algorithm. The value of εg = 0.108
used in the numerical simulation was estimated from Eq. (7) based
on the value of Cg. The diffusivity of the polyethylene glycol was
taken equal to 8 × 10−11 m2/s. The iterative procedure is as follow-
ing:

a. Starting with a initial value of ulim = 0.
b. Resolving the discretised equations given in the appendix by

using TDMA algorithm.
c. Calculating εi,j by using Eq. (7).
d. Calculating the average solidosity in the polarized layer, ε̄st =(∑m

j=0

∑n
i=0εi,j

)
/n × m, where n and m are the number of points

of discretization in the radial and axial directions, respectively.
e. Calculating the new value of ulim by using Eq. (8).
f. Continue from step (b) if the following condition is not satisfied,∣∣∣ ulim,prev−ulim,new

ulim,new

∣∣∣ < epsilon.

5. Results and discussion

5.1. Determination of Cg

By measuring the steady-state permeate flux rates at several val-
ues of Cb, the results are plotted semi-logarithmically and a straight
line is drawn through the data points (Fig. 3). This line is extended
to the point of zero steady-state permeate flux where the corre-
sponding value of Cb is taken to equal 7.5%.

5.2. Determination of the constant A
The value of the constant A was estimated from Eq. (8). In
this estimation, ε̄st was substituted with the bulk solidosity, εb.
The validity of using εb instead of ε̄st will be discussed later. For
a given condition, a plot of ulim versus

√
uz would yield a lin-

ear relationship with the slope equals to A(εg − ε̄st). Such plot
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Fig. 6. Observed limiting flux versus calculated limiting flux at uz = 0.35 m/s for
different bulk concentrations +: 0.55 wt.%; *: 0.83 wt.%; ©: 1.2 wt.%; �: 1.5 wt.%.

Table 1
Computed average solidosity in the polarized layer for different bulk concentrations.

Bulk concentration, Cb (wt.%) Bulk solidosity, εb Average solidosity, ε̄st

0.25 0.00374 0.00375
0.55 0.0082 0.0280
0.83 0.0103 0.0400
ig. 4. Plot of steady-state permeate flux versus
√

uz at Cb = 0.25 wt.% and
MP = 1.7 bar.

or Cb = 0.25 wt.% is shown in Fig. 4. Similar dependence of ulim
ehaviour on uz was reported by some researchers [7–9]. The val-
es of εg = 0.108 and ε̄st = 0.0037 were estimated from Eq. (7) based
n the values of Cg = 7.5 wt.% and Cb = 0.25 wt.%. From the slope of
.46 × 10−5 m1/2/s1/2, A was found to be equal 1.4 × 10−4 m1/2/s1/2.

.3. Model prediction

Fig. 5 shows the experimental and predicted limiting flux. The
ata presented in Fig. 5 were obtained at uz = 0.2 m/s for different
ulk concentrations. As shown, the model can accurately predict
he limiting flux. The validity of the model is further supported by
he plot given in Fig. 6. The data presented in Fig. 6 are different
rom that used in the determination of the constant A.
Most of the existing models that considered the formation of
gel layer ignored the existence of the polarized layer above it.
ith this assumption, the solidosity of the liquid at the gel–liquid

nterface must necessarily be equal to the bulk solidosity. To assess
he errors generated as a result of this assumption, a comparison is

ig. 5. Observed limiting flux versus calculated limiting flux at uz = 0.2 m/s for dif-
erent bulk concentrations +: 0.25 wt.%; *: 0.55 wt.%; ©: 0.83 wt.%; �: 1.2 wt.%; �:
.5 wt.%.
1.20 0.0179 0.0520
1.50 0.0223 0.0580

made by comparing the values of the average solidosity in the polar-
ized layer generated by the present model to the bulk solidosity
values. The Table 1 presents the simulated average solidosity in the
polarized layer together with the bulk solidosity. It can be observed
that the average solidosity is always greater than the bulk solidosity.
It increases with increasing the bulk concentration. The bulk con-
centration of 0.25 wt.% is close to 0.19 wt.% concentration at which
the two straight lines on the plot of up,st versus ln(Cb) crossed each
other as shown in Fig. 3. It is more probable that at concentrations
below this critical value, the gel layer that formed on the membrane
surface may not fully developed. For bulk concentrations near the
critical concentration, the concentration polarization has no effect
on limiting flux. Its effect is more pronounced when increasing Cb
beyond the critical concentration. The result of this analysis clearly
justify the use of bulk solidosity in Eq. (8) to estimate the empirical
constant A.

6. Conclusion

The present model which has been developed based on the
formation of a gel layer and the existence of a polarized layer
above the gel, gave a satisfactorily prediction of the limiting flux
during tubular ultrafiltration of PEG. Beyond the critical concen-
tration, both concentration polarization and gel formation are the
main factors controlling limiting flux in the tubular UF system. The

effect of concentration polarization on limiting flux was found to
be function of bulk concentration. It increases with increasing bulk
concentration.
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ppendix A.

Finite difference equations for Eq. (4) based on implicit scheme.
heses equations are as follows:

∂2C

∂�2
=

Cj+1
i+1 − 2Cj+1

i
+ Cj+1

i−1

2��
(A.1)

∂C

∂�
=

Cj+1
i+1 − Cj+1

i−1

2��
(A.2)

∂C

∂˚
= Cj+1

i
− Cj

i

�˚
(A.3)

By substituting Eqs. (A.1)–(A.3) into Eq. (4) we get

iC
j+1
i+1 + aiC

j+1
i−1 + biC

j+1
i

= Cj
i

(A.4)

here

ci = −
(

s + s

2i
+ ˇs��

2

)

ai = −s + s

2i
+ ˇs��

2
bi = (1 + 2s)
ˇ = dulim/2D

s = �˚/(���2)

� = (d2uz)/(4DL)

[
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for i = 2 c2Cj+1
3 + b2Cj+1

2 = Cj
2 − a2Cj+1

1 (A.5)

for i = 3 to n − 2 ciC
j+1
i+1 + aiC

j+1
i−1 + biC

j+1
i

= Cj
i

(A.6)

for i = n − 1 an−1Cj+1
n−2 + bn−1Cj+1

n−1 = Cj
n−1 − cn−1Cj+1

n (A.7)

Eqs. (A.5)–(A.7) from a tridiagonal system that can be solved
together with the boundary conditions by using TDMA algorithm.
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